We perform a coupled-channel analysis of pseudo-data for the D + → K − π + π + Dalitz plot. The pseudo-data are generated from the isobar model of the E791 Collaboration, and are reasonably realistic. We demonstrate that it is feasible to analyze the high-quality data within a coupled-channel framework that describes the final state interaction of D + → K − π + π + as multiple rescatterings of three pseudoscalar mesons through two-pseudoscalar-meson interactions in accordance with the two-body and three-body unitarity. The two-pseudoscalar-meson interactions are designed to reproduce empirical ππ and πK scattering amplitudes. Furthermore, we also include mechanisms that are beyond simple iterations of the two-body interactions, i.e., three-meson-force, derived from the hidden local symmetry model. A picture of hadronic dynamics in D + → K − π + π + described by our coupled-channel model is found to be quite different from those of the previous isobar-type analyses. For example, we find that the D + → K − π + π + decay width gets almost quadruplicated when the rescattering mechanisms are turned on. Among the rescattering mechanisms, we find that those associated with the ρ(770)K 0 channel, which contribute to D + → K − π + π + only through a channel-coupling, play a major role. We also find that the dressed D + decay vertices have complex phases, induced by the strong rescatterings, that strongly depend on the momenta of the final pseudoscalar mesons. Although the conventional isobar-type analyses have assumed the phases to be constant, this common assumption is not supported from our more microscopic viewpoint.
I. INTRODUCTION
With the advent of Charm-and B-factories, a large amount of data for charmed-meson decays have been accumulated in the last decades. Among a number of physical interests, one appealing aspect of studying these charmed-meson decays is that we can gain information about interactions between light mesons and resonances thereby. This was particularly highlighted by the E791 Collaboration's report on their identification of the σ-meson in the Dalitz plot of the D + → π − π + π + decay [1] . A similar analysis was also made for the D + → K − π + π + decay to identify the κ resonance [2] . These findings triggered further analyses of the D + → K − π + π + Dalitz plot data, paying special attention to the K − π + swave amplitude, as follows. Oller [3] analyzed the E791 data [2] using theKπ I=1/2 (I: total isospin) s-wave amplitude based on the chiral unitary approach [4] , instead of Breit-Wigner functions for the K − π + s-wave used in the E791 analysis, and obtained a reasonable fit. The I=3/2 s-wave was not considered in his analysis. The E791 Collaboration reanalyzed their data without assuming a particular functional form for the K − π + s-wave amplitude. Rather, they determined it bin by bin, which they call model independent partial wave analysis (MIPWA) [5] . An interesting finding in the MIPWA was that the obtained K − π + s-wave amplitude has the phase that depends on the K − π + energy in a manner significantly different from what is expected from the Watson theorem combined with the LASS empirical amplitude [6] , assuming the I=1/2 dominance. Edera et al. suggested that this difference can be understood as a substantial mixture of theKπ I=1/2 and 3/2 s-wave amplitudes [7] . This idea was implemented in the Dalitz plot analysis done by the FOCUS Collaboration [8] . They parametrized the K − π + s-wave amplitude in terms of the K-matrix of I=1/2 and 3/2 that had been fitted to the amplitudes of the LASS [6] and of Estabrooks et al. [9] They found that the D + → K − π + π + Dalitz plot can be well fitted with the K − π + s-wave amplitude in which the I=1/2 and 3/2 components interfere with each other in a rather destructive manner. The FOCUS Collaboration also has done a MIPWA in a subsequent work [10] to find results similar to those of the E791 MIPWA. The quasi-MIPWA has also been done by the CLEO Collaboration [11] . Their new finding was that I=2 ππ nonresonant amplitude can give a non-negligible contribution. Meanwhile, an analogous decay, D + → K 0 S π 0 π + , has been analyzed by the BESIII Collaboration [12] . An interesting finding was that the ρ(770)K channel gives by far a dominant contribution. This implies that, although the ρ(770)K contribution is not directly observed in the D + → K − π + π + Dalitz plot, it can play a substantial role in the hadronic final state interactions (FSI) of the D + → K − π + π + decay, considering that the two D + decays share the same hadronic dynamics to a large extent.
Many of the previous analyses of the D + → K − π + π + Dalitz plot have been done with the so-called isobar model in which a D + -meson decays into an excited state R (κ,K * ,K * 2 , etc.) and a pseudoscalar meson. The R subsequently decays into a pair of light-pseudoscalarmesons, while the third pseudoscalar meson is treated as a spectator. The propagation of R is commonly parametrized by a Breit-Wigner function. The total decay amplitude is given by a coherent sum of these isobar amplitudes supplemented by a flat interfering background. On the other hand, as mentioned in the above paragraph, some analysis groups modified the conventional isobar model to use the K-matrix or chiral unitary model for the K − π + s-wave amplitude so that the consistency with the LASS data for K − π + → K − π + and with the two-body unitarity is maintained. Meanwhile, in (Q)MIPWA, the K − π + s-wave amplitude is solely determined by the D + → K − π + π + Dalitz plot data. We will refer to these models, which do not explicitly consider three-meson-rescattering mechanisms, as isobar-type models. The basic assumptions common to all of these models are that the spectator pseudoscalar meson interacts with the others very weakly, and/or D + → Rc (c: spectator meson) vertices with constant complex phases can absorb such effects. Thus multiplescattering and channel-couplings required by the three-body unitarity are not (explicitly) taken into account.
Although each analysis group has obtained a reasonable fit to its own data, their results are not necessarily in conformity with theoretical expectations. For example, the E791 Collaboration reported that the phase of the I=1/2Kπ p-wave amplitude used in their MIPWA is, according to the Watson theorem, not consistent with that of the LASS analysis in the elastic region [5] . This may be originated from either or both of two possible reasons below, each of which signals a serious problem in the basic assumptions underlying in the analysis model. One possible reason is that the I=1/2Kπ p-wave amplitude in the E791 analysis is given by a coherent sum of Breit-Wigner functions forK * (892) andK * (1680), and it is not consistent with the LASS data to the required precision. Or the amplitude does not satisfy the two-body unitarity not only formally but also quantitatively. Another possibility is that the (neglected) rescattering of the spectator meson with the other mesons plays a substantial role to generate an energy-dependent phase so that the Watson theorem does not hold. Not only the E791 analysis but also all the previous analyses mentioned above would share the same problem, and this seems to indicate a need for going beyond the conventional isobar-type analysis; a unitary coupled-channel approach. In order to extract from data a right physics, e.g., K − π + s-wave amplitude from D + → K − π + π + Dalitz plot data, one needs to use a theoretically sound model so that unnecessary model artifact does not come into play.
Recently, we have developed a unitary coupled-channel framework for describing a heavymeson decay into three light hadrons [13] ; both the two-body and three-body unitarity are maintained. In the reference, we studied the extent to which the isobar-type description of heavy-meson (or excited meson) decays is valid by analyzing simple pseudo-data. We found a significant effect of the channel-couplings and multiple-rescattering on the Dalitz plot distributions. This study has been extended to an analysis of pseudo-data for excited meson photoproductions [14] . In this work, we apply the formalism of Ref. [13] with some modifications to a realistic case. Thus, we will perform a coupled-channel analysis of the D + → K − π + π + Dalitz plot pseudo-data generated from the E791's isobar model [5] . To the best of our knowledge, this is the first coupled-channel Dalitz plot analysis of a D-meson decay into three pseudoscalar mesons. We will demonstrate that a quantitative coupledchannel partial wave analysis of the D + → K − π + π + Dalitz plot is feasible. Then we will examine the hadronic dynamics in the FSI of the D + → K − π + π + decay within the coupledchannel model. We will study how the fraction of each channel's contribution is different between an isobar-type model and our full model that includes the three-body scattering. We also examine contributions from the rescattering and channel-couplings to the Dalitz plot distribution. Through these investigations, we address the validity of the above-mentioned basic assumptions of the isobar-type model from this more microscopic viewpoint. The three-body FSI for the D + → K − π + π + decay has been explored by Magalhães et al. [15] and also by Guimarães et al. [16] . However, their models were still in restricted settings, and more extensions are needed to confront their calculations with the data.
In our analysis, we use two-pseudoscalar-meson interactions that generate unitary amplitudes forKπ and ππ scatterings, and consider resonances (κ,K * , ρ, etc.) as poles in the amplitudes. The two-body interactions are fitted to the LASS and CERN-Munich [17] [18] [19] data.
With the two-body interactions, we solve the Faddeev equation for a three-pseudoscalarmeson scattering to obtain an amplitude that respects the three-body unitarity and thus channel-couplings. This amplitude is used to describe the FSI of the D + decay. Although we also add a flat interfering background amplitude that violates the three-body unitarity to some extent, we will see that the background contribution is very small in our full model. The pseudo-data are fitted by adjusting the strengths and phases of (bare) D + → Rc vertices, while the two-pseudoscalar-meson interactions are fixed as those obtained by fitting the two-body scattering data. This is in contrast with the previous D + → K − π + π + analyses where some of the resonance parameters were also adjusted along with the D + → Rc vertices. Rather, we analyze the D + → K − π + π + decay keeping the consistency with the two-body scattering data for all channels considered in our model. Then we will examine the extent to which we can fit the D + -decay pseudo-data. We consider the I=1/2Kπ s-, p-, and d-waves as commonly included in the previous analyses. We also explicitly include the I=3/2Kπ s-wave (I=2 ππ s-wave) as has been done so in the FOCUS [8] (CLEO [11] ) analysis. Furthermore, we consider the I=1 ππ p-wave where the ρ(770) plays a major role. This channel has not been considered in the previous analyses because it does not directly decay into the K − π + π + final state. However, this channel can still contribute to
Considering the BESIII analysis mentioned above, the ρ(770)K channel is expected to play a substantial role also here, and we will see that this is indeed the case, at least within our analysis. Now we discuss the last piece of our model. The FSI of the D + → K − π + π + decay is a three-pseudoscalar-meson scattering. Generally in a three-body scattering, there can exist a mechanism that cannot be expressed by a combination of two-body mechanisms, i.e., a three-body force. Based on the hidden local symmetry (HLS) model [20] , in which vector and pseudoscalar mesons are implemented together in a chiral Lagrangian, we can actually derive "three-meson-force" essentially in a parameter-free fashion, up to form factors we include. Thus we consider some of the HLS-based three-meson-force acting on important channels, and examine how they play a role in the D
If two-pseudoscalar-meson interactions are well determined by precise two-body scattering data, the D →Kππ decays and also other decay modes such as D → πππ could serve as a ground to study the threemeson-force.
The organization of this paper is briefly as follows. In Sec. II, we discuss our coupledchannel model, and present formulae to calculate the D + → K − π + π + decay amplitude. Then in Sec. III, we present numerical results from our analyses of the two-pseudoscalarmeson scattering data, and of the D + → K − π + π + decay Dalitz plot pseudo-data. Finally, we give a summary and future prospect in Sec. IV. A derivation and the resulting expressions for the three-meson-force, and model parameters are presented in the Appendices.
II. FORMULATION
We have already developed a formalism to describe a heavy-meson decay into three light mesons in Ref. [13] . In the present work, we basically use the same formalism with some modifications. Thus, here we just present expressions that are needed in the following discussions, specifying the modifications we make for this work. For derivations of most of the expressions, see Sec. II of Ref. [13] . Our formalism can be regarded as a threedimensional reduction of a fully relativistic formulation. Because we deal with scatterings of light particles, i.e. pions, one may question the validity of this approximation. Although a legitimate concern, we made an argument on this along with improvements needed in future in Sec. V of Ref. [13] . In our formalism, we first construct a two-light-meson (π, K) interaction model that is subsequently applied to three-light-meson scattering. The following presentations are also given in this order.
A. Two-light-meson scattering model
We describe two-light-meson scatterings with a unitary coupled-channel model. For example, we consider ππ and KK channels for a ππ scattering, while πK and η ′K channels for I=1/2 s-wave πK scattering. We will specify channels for each partial wave later. We model the two-light-meson interactions with resonance(R)-excitation mechanisms or contact interactions or both. We choose a parametrization of the two-meson interactions so that it can be easily applied to a three-meson scattering. A difference from Ref. [13] is that we include the contact interactions here but we did not in Ref. [13] . This is because, this time, we need to deal with partial waves that do not have resonances. Besides, we use a parametrization for R → ab (a, b: pseudoscalar mesons) vertex functions that are different from those used in the previous work and, with this parametrization, we need to include contact interactions in addition to R-excitation mechanisms in order to obtain reasonable fits to some empirical partial wave amplitudes. Thus, we use expressions shown below to describe ππ andKπ scatterings.
We consider a partial wave ab → a ′ b ′ scattering (see Fig. 1 for a diagrammatic representation) with total energy E, total angular momentum L, total isospin I. We will also denote the incoming and outgoing momenta by q an q ′ , respectively; q = |q| throughout this paper, except for the Appendix. When q is on-shell, it is related to E by E = E a (q) + E b (q) and E a (q) = q 2 + m 2 a ; m a being the mass of a. 
where h LI a ′ b ′ ,ab is a coupling constant, and w LI ab (q) is a vertex function. We use the following parametrization for w LI ab (q):
where b LI ab is a cutoff parameter. Meanwhile, we allow an exception for L=0, I=2 ππ scattering for which we use a different parametrization for the vertex function:
where an additional couping constant h ′ has been introduced to obtain a reasonable fit to data. For a later convenience, let us definew
With the above interaction potential, the partial wave amplitude is given as follows [see Fig. 1 (c) for a diagrammatic representation]:
The amplitude of Eq. (5) can contain resonance pole(s), in general. Now we extend the model to include explicit degrees of freedom for excitations of spin-L isospin-I resonances that contribute to the ab → a ′ b ′ scattering. In this case, a two-lightmeson interaction potential includes bare R-excitation mechanisms in addition to the contact potential v 
where m R is the bare mass of R;f
Then we employ the following parametrization for the bare vertex function:
where g ab,R and c ab,R are coupling constant and cutoff, respectively. This parametrization is different from that used in Eq. (35) of Ref. [13] , and has a proper kinematical factor. With the potential in Eq. (8), the resulting scattering amplitude is given by [ Fig. 1(b) ]:
where the first term is the scattering amplitude from the contact interactions only, as has been defined in Eq. (5). The symbolf ab,R denotes the dressed vertex that describes the bare R → ab decay followed by ab rescattering through the contact interactions. Expressions for
In Eq. (11), the dressed Green function for R, τ LI R ′ ,R (E), has been introduced, and is given by [ Fig. 1 (e)]:
where Σ LI R ′ ,R (E) is the self-energy of R, and is defined bȳ
In case ab → a ′ b ′ interaction is given by only resonant mechanisms [no first term in Eq. (8)], which is the case in Ref. [13] , the corresponding scattering amplitude is obtained from Eq. (11) by dropping the first term, and replacing the dressed vertex (f ) with the bare one (f ) in Eqs. (11) and (15) .
The partial wave amplitude, T LI a ′ b ′ ,ab in Eq. (11), is related to the S-matrix by
where q o is the on-shell momentum that satisfies
is the phase-space factor. The phase shift and inelasticity are denoted by δ LI and η LI , respectively. The parameters contained in the two-light-meson potentials such as m R , g ab,R , c ab,R , h 
B. Three-light-meson scattering model
We now consider a case where three light-mesons are scattering. First, let us assume that the three mesons interact with each other only through the two-meson interactions discussed in the previous subsection. Because our two-meson interaction potential is given in a separable form, we can cast the Faddeev equation into a two-body like scattering equation (the so-called Alt-Grassberger-Sandhas (AGS) equation [21] ) for a cR → c ′ R ′ scattering. Here, R stands for either R or r ab , and r ab is a spurious "state" that is supposed to live within a contact interaction in a very short time, and decays (going to the left in equations) into the two light-mesons, ab. This degree of freedom is introduced merely for extending the AGS-type cR → c ′ R ′ scattering equation used in Ref. [13] to include the contact two-meson interactions. Thus, the scattering equation for a partial wave amplitude,
, is given as (see Fig. 2 for a diagrammatic representation)
where JP T are the total angular momentum, parity, and the total isospin of the cR system and they are conserved in the scattering. The cR state with the relative orbital angular momentum l is denoted by (cR) l ; the allowed range for l is determined by JP and the spinparity of R. The magnitude of the incoming (outgoing) relative momentum of the cR (c ′ R ′ ) state is denoted by p (p ′ ). The driving term of the scattering is a partial wave form of the so-called Z-diagram, Zc
. The Z-diagram is a process in which R → c ′c -decay is followed bycc → R ′ -formation, as pictorialized in Fig. 3 . For a more explicit definition as well as the partial wave expansion of the Z-diagram, we refer the readers to Appendix C of Ref. [13] ; in particular, Eqs. (C10)-(C12) of Ref. [13] give an explicit expression for Zc 
. The Z-diagrams are known to have the moon-shape singularity [22] that prevents us from solving Eq. (17) with the standard subtraction method. Here we employ the spline method (see Ref. [22] for detailed explanations) to obtain numerical solutions from Eq. (17) .
In Eq. (17), we have also used the Green function, G (cR ′ ) l ,(cR) l (q, E), for R and R ′ which can be coupled through R → ab → R ′ . It is given by
for (R, R ′ ) = (R, R ′ ), and
where we have introduced the self-energies, Σ LI R ′ ,R (q, E), which are given by
with M ab (q) = E a (q) + E b (q), and ab runs over all two-meson states from R → ab decays. The kinematical factors in the expressions are from the Lorentz transformation to boost the R-at-rest frame to the cR center-of-mass frame. So far, we have considered the three-meson scattering due to multiple iterations of the two-meson interactions. Given the two-meson interactions, this is a necessary consequence of the three-body unitarity. In a three-meson system, however, there may be a room for a new mechanism that is absent in a two-meson system to play a role. We will refer to such mechanisms as three-meson-force hereafter. Diagrams shown in Fig. 4 can work as a three-meson-force. These are interactions between a vector-meson and a pseudoscalar meson via a vector-meson exchange; for our particular application to D + → K − π + π + , they are bare ρ-K, and bareK * -π interactions. These mechanisms are based on the hidden local symmetry (HLS) model [20] in which vector and pseudoscalar mesons are implemented in a Lagrangian that has a symmetry under nonlinear chiral transformations. Expressions for the Lagrangian and the resulting interaction potentials of Fig. 4 are presented in Appendix A. These mechanisms in Fig. 4 along with the Z-diagram in Fig. 3 have been studied by Jansen et al. [23] [24] [25] to examine the π-ρ correlation and its relevance to a soft πNN form factor in a NN potential. There are also other possible mechanisms that can work as a three-meson force. We show some diagrams in Fig. 5 as examples. The diagram in Fig. 5 (a) describes an interaction between a pseudoscalar-meson-pair (ab) in s-wave and another pseudoscalar meson (c) via a vector-meson exchange; this mechanism is also from the HLS Lagrangian. Meanwhile, in the diagram of Fig. 5(b) , a R interacts with a pseudoscalar meson to form a resonance (M * ), which is followed by a decay into a R ′ and a pseudoscalar meson. This is a familiar mechanism and often assumed in partial wave analyses for meson spectroscopy.
Vector (V ) and pseudoscalar (P ) mesons interaction potentials based on the hidden local symmetry model [20] . Vector mesons (V ex ) are exchanged. In this work, we consider the vector-pseudoscalar interactions shown in Fig. 4 in our analysis of the D + → K − π + π + decay to study their relevance. Thus, the scattering equation in Eq. (17) is modified by adding the new mechanisms to the Z-diagrams:
where the added term,
, is in the partial wave form for which we give explicit expressions in Eqs.(A8), (A12), and (A17). In Eq. (26), R and R ′ are the lightest spin-1 bare states of either (I, S[strangeness]) = (1, 0) or (I, S) = (1/2, −1) which we denote "ρ" and "K * ", respectively. For our particular application to the D Fig. 4 (a), and (V P, Fig. 4(b) . On the other hand, we leave examination of mechanisms such as those shown in Fig. 5 to future work for the reasons in the following. As we emphasized in the introduction, even effects of multiple scattering due to the two-meson-force on the D-decay has still not been studied in a realistic setting. In this situation, studying the relevance of the three-meson-force to the D-decay is indeed in an exploratory level, and thus a reasonable starting point would be to include it in the most important channel. As we will see, the vector-pseudoscalar (ρ-K) channel plays the most important role in the rescattering process, and therefore the new mechanisms of 
In our coupled-channel model, the decay amplitude for D
where we have introduced the cyclic summation that takes the sum over
, and
where S z R is z-component of the spin state of R, and G cR,cR ′ is the Green function that has been defined in Eqs. (18)- (21) . This decay amplitude in Eq. (28) is diagrammatically represented in Fig. 6 . The symbol f S z R ab,R denotes a R → ab decay vertex function which is explicitly given as
wheref LI ab,R andw LI ab have been defined in Eqs. (9) and (4), respectively; j 1 m 1 j 2 m 2 |JM is the Clebsch-Gordan coefficient, and t a is the isospin of meson a and t z a is its z component. The kinematical factors in the equations are from the Lorentz transformation to boost the ab-pair center-of-mass (CM) frame to the total CM frame. The momentum q is the relative momentum of the ab-pair in their CM frame. The dressed
cR ′ ,D + , has also been introduced in Eq. (28), and it is explicitly given bȳ
where
We sum over the parity (P ) and total isospin (T ) of the final hadronic states because the weak D-decay does not conserve them. The last factor in the above equation is given bȳ 
with
In Eq. (33),
, and Λ
JP T (cR) l
are the coupling, phase, and cutoff, respectively, and they will be determined by fitting Dalitz plot distribution data. The couplings C The procedure to calculate the Dalitz plot distribution from the decay amplitude of Eq. (27) is explained in detail in Appendix B or Ref. [13] , and we do not repeat it here.
III. ANALYSIS AND RESULTS
Now we apply the coupled-channel formalism discussed in the previous section to analyses of data. First we determine parameters in the two-pseudoscalar-meson scattering model by analyzing experimental data for ππ and πK scatterings. Then we extract resonance parameters from amplitudes of the two-meson interaction model. This two-meson interaction model is a basic ingredient for the three-meson scattering model. In the subsequent subsection, we analyze the D + → K − π + π + decay in a realistic setting.
A. Two-pseudoscalar-meson scattering
For studying the D + → K − π + π + decay in our coupled-channel framework, the ππ and πK scatterings of E < ∼ 2 GeV are relevant. We will determine the model parameters of our ππ and πK scattering models, i.e., h
, and c ab,R in Eqs. (1)- (3), (8) , and (10), by fitting empirical scattering amplitudes for E < ∼ 2 GeV. 
πK scattering
We analyze the πK scattering amplitudes from the LASS experiment [6, 9] . For our application to the D + → K − π + π + decay in the next section, we determine the model parameters for {L, I} = {0,1/2}, {0,3/2}, {1,1/2}, {2,1/2} partial waves. We explain details of our πK scattering model for each partial wave. For the {L, I}={0,1/2} wave, we consider πK-η ′K coupled channels because the η ′K channel is known to play a significant role while ηK does not in this partial wave. We include two bare R states supplemented by a contact πK→πK interaction. For the {L, I}={0,3/2} wave, we consider a contact πK→πK interaction only. For the {L, I}={1,1/2} and {2,1/2} waves, we consider coupling of πK and effective inelastic channels; masses of the two "particles" in the inelastic channel, denoted by m LI 1 and m LI 2 , are also fitted to the data. We include three bare R states for {L, I}={1,1/2} while a single bare R state for {2, 1/2}. We present the πK model parameters determined by the fits in TABLE VI of Appendix B.
We present the quality of the fits to the empirical partial wave amplitude [6] of π + K − L=0 partial wave and {L, I}={1,1/2},{2,1/2} partial waves in Fig. 7 where phases (upper panels) and modulus (lower panels) of the amplitudes are shown. Also the elastic scattering phase shifts for the {L, I}={0,3/2} partial wave calculated with our model are compared with the data [9] in Fig. 8(left) . The s-wave π + K − amplitude is calculated by linearly combining the {L, I}={0,1/2}, {0,3/2} partial wave amplitudes. Overall, we obtain a reasonable description of the data included in the fit. However, one notices that the model has a sudden change and deviation from the data in the phase for the {L, I}={1,1/2} partial wave at E ∼ 1.3 GeV. This is perhaps an artifact of our model that has the threshold where the effective inelastic channel opens. Fortunately, the magnitude of the amplitude is rather small around this energy so that the deviation in the phase will not give a significant impact on observables calculated with this model. We use the convention defined in, e.g., Ref. [28] , to specify each of the Riemann sheets, I-IV. Each of the states is identified with the corresponding particle name used in the PDG listings [29] .
From the πK amplitudes of the fixed model, we extract resonance pole positions by the analytic continuation [30, 31] as shown in TABLE I. We present poles below Re[E] ≤ 2 GeV and |Im[E]| ≤ 0.25 GeV. We can consistently identify most of the extracted poles with the corresponding particles listed by the Particle Data Group (PDG) [29] as shown in the table. For the {L, I}={0,1/2} partial wave, our model has a pole at 0.71 − 0.23i GeV that corresponds to the so-called κ whose mass is 682 ± 29 MeV, and width 547 ± 24 MeV in the PDG listing. Also we find two poles at Re[E] ∼1.4 GeV on different Riemann sheets. These two poles are associated with a single resonance [K * 0 (1430)] that is split by coupling to η ′K channel. For the {L, I}={1,1/2} partial wave, our model has the well-established K * (892). Also in the same partial wave, there is a pole at 1.28 − 0.058i GeV that is a bit off the K * (1410) resonance parameters from the PDG.
ππ scattering
We perform an analysis of ππ scattering data with our coupled-channel model in a way similar to the analysis of πK data in the previous section. Although we only need a ππ model for the {L, I}={1,1},{0,2} partial waves for our coupled-channel analysis of the D + → K − π + π + decay, we present here our ππ model for all major partial waves for a future reference. We consider ππ-KK coupled channels for all partial waves except for {L, I}={0,2} 
where only the elastic ππ channel is taken into account. Regarding details of our model for each partial wave, we include two bare R states supplemented by a contact ππ→ππ interaction for the {L, I}={0,0} wave. For the {L, I}={1,1} and {2,0} waves, we include two bare R states and a single bare R state, respectively. Finally for the {L, I}={0,2} wave, we consider a contact ππ→ππ interaction only. We present the ππ interaction model parameters determined by the fits in TABLE VII of Appendix B.
We present the quality of the fits in Fig. 9 where phase shifts (inelasticities) are shown in the upper (lower) panels. As seen in the figures, we obtain reasonable fits to the data from Refs. [17] [18] [19] . The nonzero inelasticities from our model are due to the coupling to the KK channel of our coupled-channel model. We note that the KK channel in our model effectively simulates all inelastic channels in which the true KK channel is a major component, because we did not include ππ → KK and KK → KK data in our analysis, and also because we did not include the 4π channel in the model. From the determined ππ partial wave amplitudes of our model, we extract resonance poles as presented in TABLE II. Most of the extracted poles are consistently identified with the counterparts in the PDG listings, as shown in TABLE II. A difference from the PDG value is found for the width of f 0 (980); our model has a rather small width (∼2 MeV) in comparison with the PDG average (40-100 MeV). This difference was also found in the model used in Ref. [13] , and possible sources of the difference were discussed there. Also the second resonance in the {L, I}={1,1} partial wave perhaps does not correspond to ρ(1450). However, an effect of this resonance pole on the amplitude seems to be very small, and our model reproduces the empirical amplitude very well.
Now we will perform a partial wave analysis of pseudo-data for D + → K − π + π + Dalitz plot distribution using our coupled-channel model. In what follows, we explain setups of our models used in the analysis. Then we discuss how we prepare pseudo-data and our analysis procedure, which is followed by numerical results.
Model setup
In our coupled-channel framework, D + -meson decays into Rc channels, followed by multiple scatterings due to the hadronic dynamics, leading to the final K − π + π + state. This process is expressed by Eqs. (28), (31) , and (32); with the symmetrization, the decay amplitude is given by Eq. (27) . We consider the following 11 Rc coupled channels in our full calculation: is a "state" associated with a contact interaction in a partial wave of L and I, as has been introduced in Sec. II B. Most of these channels have been considered in the previous analyses [2, 3, 5, 8, 10, 11] . However, the r 04 ππK channel was considered only in the CLEO analysis [11] . Also, the r 03 πK π channel was explicitly considered only in the FOCUS analysis [8] , but other MIPWA implicitly take account of this channel. The R 12 iK channel has not been considered in the previous analyses. This channel can contribute to D + → K − π + π + only through the coupled-channel dynamics, and therefore it does not show up in isobar-type models. With the coupled channels considered in this work [Eq. (35) ], the final hadronic system has the total spin J=0, parity P =+1, total isospin T =3/2, and l=s R . (17)] as the Z-diagrams and also through the R self-energies in Eqs. (22)- (25) . Given the coupled channels specified above and the two-meson interactions, we can find all the contributing Zdiagrams that induce channel-couplings. In our analysis, we consider all of the contributing Z-diagrams that contain ππK and KKK intermediate states. In addition, we include the three-meson-force based on the HLS model. We have totally six diagrams of this type, as mentioned below Eq. (26). As described in Appendix A, once a single coupling constant is fixed by the ρ-meson decay width, all the other couplings are fixed by SU(3) and the HLS. We use different cutoffs in form factors [Eq. (A15)] for different diagrams, thereby breaking SU(3). These cutoffs are determined by fitting the pseudo-data.
In our analysis of D + → K − π + π + Dalitz plot pseudo-data, we will basically use three models. The first one is the "Full model" that contains all the dynamical contents described above. The second one is the "Z model" for which the rescattering mechanism is solely due to multiple iteration of the Z-diagrams. Thus the Full model is obtained by adding the three-meson-force to the Z model. The third model is the "Isobar model" that does not explicitly contain the rescattering process. The decay amplitude for the Isobar model has been described at the end of Sec. II C. This Isobar model is still different from most of the isobar models used in the previous Dalitz plot analyses of D + → K − π + π + in that all two-pseudoscalar partial wave amplitudes are unitary, and fit well the empirical amplitudes in the relevant energy region. Finally, we add a flat and coherently interfering background amplitude to the D + -decay amplitude from each of the above-described three models, as has been done in all the previous Dalitz plot analyses of D
Specifically, we add the background term to the decay amplitude in Eq. (27) as
where the modulus and phase of the background are denoted by a BG and φ BG , respectively. This background term breaks the three-body unitarity to some extent, depending on the strength of the background. The parameters associated with the background, a BG and φ BG , are determined by fitting the pseudo-data. We will see that the background contribution turns out to be very small in the Full model. Finally we remark that the two-pseudoscalarmeson interactions, that have been determined in the previous sections, will not be adjusted to fit the D + -decay pseudo-data. This is in contrast with most of the previous analyses where some of Breit-Wigner parameters were also adjusted along with D + → Rc vertices.
Data and analysis method
We create reasonably realistic pseudo-data of the D 15,079 × 94.4% ∼14,234 , the number of signals of the E791 experiment. In this way, we have generated pseudo-data for the D + → K − π + π + Dalitz plot, as presented in the left panel of Fig. 10 .
Next task is to analyze the above pseudo-data with our model. Again, Ref. [32] serves as a useful reference to find an analysis procedure. We calculate the Dalitz plot distribution using the decay amplitude of Eq. (27) and the formulae given in Appendix B or Ref. [13] . In each cell of the 40×40 grid, we integrate the Dalitz plot distribution from our model; the overall normalization is chosen so that the integral over all the kinematical region of the Dalitz plot distribution becomes equal to 14,234, the number of signals for the E791 data. In this way, we have the number of events (a real number) in each of the cells, and can compare it with the counterpart in the pseudo-data. If a given cell of the pseudo-data has the number of events less than 5, then the cell is merged with the adjacent cell in the same x-axis to be a larger cell. This grouping is repeated until the cell contains more than or equal to 5 events. The same grouping is also applied to the event samples from our model. Thus, the total number of effective cells, each of which contains more than or equal to 5 events of the pseudo-data, is 749.
The quality of the fit can be quantified by calculating χ 2 defined by
where j labels each cell, and N We will perform the least χ 2 -fit to the pseudo-data. By simply minimizing χ 2 defined in Eq. (37), however, we obtain models that undershoot the sharp peak associated with K * (892). This is perhaps because a partial χ 2 from the bins for whichK * (892) is important An error estimation is an important part of a data analysis of this kind. In this work, however, we do not attempt to estimate errors of quantities such as the model parameters and a fraction of each channel's contribution. A reason is that the data we analyze are, albeit rather realistic, still pseudo-data. Therefore, extracted quantities such as the fractions are regarded as such. Considering that, it does not seem very worthwhile taking another substantial effort to estimate errors. Such an effort should be saved until analyzing the real ones. In addition, an error estimation with our coupled-channel model is more difficult than working with an isobar-type model. This is because our model needs rather long computation time in solving the coupled-channel integral equations of Eq. (17), and takes much longer time to calculate the Dalitz plot distribution than an isobar-type model does. Thus in this work, although we are not able to provide the errors, we focus on our primary purpose of studying effects of coupled-channel dynamics that have been missed in the previous analyses.
Numerical results and discussions
We performed the least χ 2 -fit to the pseudo-data following the procedure explained in the previous subsection. We used the three models; the Full, Z, and Isobar models. All the parameters determined by the fits are tabulated for each of the models in TABLEs VIII and IX. The Dalitz plot distribution from the Full model is shown in the right panel of Fig. 10 . Comparing with the left panel of the pseudo-data, a difference is hardly discernible to the eye. The situation is the same for the Z and Isobar models. The quality of the fit can be quantified by calculating the χ 2 -values that are presented in the second row of models, respectively. Therefore, the ranking of the fit quality is still in the same order as far as χ 2 is concerned. In order to see the quality of the fit more clearly, we show the χ 2 j distribution at all of the bins in Fig. 11 . These figures show that all of our models fit the pseudo-data rather precisely. Most of the bins are fitted with χ 2 j < 1, and χ 2 j exceeds 4 at only a small number of the bins. Yet again, the Full model clearly shows a better performance in the fit among the three models we consider. The quality of the fit can be also shown in the projection of the Dalitz plot distribution onto the Figs. 12, 13 , and 14 for the Full, Z, and Isobar models, respectively. All the three models give reasonable fits to the pseudo-data as expected.
We remark that we obtained the reasonable fits to the pseudo-data without adjusting the parameters associated with the two-pseudoscalar-meson interactions. On the other hand, as mentioned already, most of the previous analyses varied some Breit sheets, the branch point of which is the η ′K threshold. This two-pole structure is a coupledchannel effect. Interestingly, one of the poles is close to the PDG value, while the other one is close to the values from the previous D + → K − π + π + analyses. This result may be suggesting that K − π + → K − π + is more sensitive to one of the poles while D
is more sensitive to the other pole. Thus, possibly, the coupled-channel framework enables us to describe the two processes in a unified manner. Next, we look into the fraction of each channel's contribution (fit fraction). In an isobar model that describes a D + -meson decay as D + → R Rc → abc where R is expressed by a Breit-Wigner function, the fit fractions of different Rc contributions can be straightforwardly defined, and are often presented in the previous analyses. However, in a model like ours where the resonances are described as poles in unitary scattering amplitudes, the fit fraction of a certain resonance contribution is not so straightforwardly defined, because the scattering amplitude generally contains more than a single resonance, as we have seen in TABLEs I and II. Furthermore, the amplitude also contains nonresonant contributions. There is no unambiguous way to single out a certain resonance contribution. Therefore, we present the fit fractions of different [(ab) [5] , the FOCUS K-matrix model [8] , and the CLEO QMIPWA [11] are also presented. The numbers in are obtained by the incoherent sum of different resonance contributions in the same partial wave. 
Full
In our coupled-channel-model analysis, however, there is an additional complication in defining the fit fraction from the fact that, even in a single diagram of the 
The fit fractions defined in the above paragraph are presented in TABLE IV. The sum of the fit fractions is not necessarily 100% because of the interferences between different contributions in the different rows of the table. The Full and Z models are relatively similar in the fit fractions, while the Isobar model is rather different from the two. The sum is 205.2%, 317.6%, and 88.7% for the Full, Z, and Isobar models, respectively, and therefore there are more constructive interferences in the Isobar model while more destructive interferences in the Full and Z models. The similarity between the Full and Z models perhaps reflects the fact that effects of the three-meson-force is not very large; we will examine the effect of the threemeson-force later. In the Full and Z models, (
I=1/2 S π + fit fraction is dominant, and
I=3/2 S π + fit fraction is the second. These are both s-wave K − π + contributions, and have not been separated in most of the previous analyses of the D + → K − π + π + decay. Thus we show in the table also the coherent sum of these for comparison with the previous analysis results. We find a rather large destructive interference between the I=1/2 and 3/2 K − π + s-waves. The degree of the destructive interference is rather different between the Full and Z models. By coherently adding the background contribution to the (K − π + ) S π + fit fraction, we obtain 80.6%, 55.9%, and 51.7% for the Full, Z, and Isobar models, respectively, and the difference between the models gets reduced. The background for the Full model is tiny as seen in the table, and thus the violation of the three-body unitarity is also very small for this model.
We compare the fit fractions from our models with those from the previous analyses done by the experimental groups. Although each of the experimental groups obtained several models through their analyses, we do not try to exhaust all the models in the comparison. Rather we pick up some cases that are particularly interesting to compare with our results. Here, we tabulated three analyses results in TABLE IV: the E791 Isobar model [5] , the FOCUS K-matrix model [8] , and the CLEO QMIPWA [11] ; errors are not presented for simplicity. In the original papers, the fit fractions from these analyses were presented for each of resonances considered. Thus for comparing with our results, we sum the resonance contributions in the same partial wave incoherently (coherently) for the FOCUS and CLEO (E791) analyses. The numbers obtained by the incoherent sum, as indicated by in the table, are for (
I=1/2 P π + whereK * (892) dominates, and thus the interference effect would not be so large. The E791 Isobar model [5] is the model on which our pseudo-data are based. The fit fractions from this model are relatively close to our Isobar model, although there is still a noticeable difference. The difference in the (
I=1/2 P π + fit fraction may be due to the fact that the (Kπ) I=1/2 P amplitudes used in our model and the E791 isobar model are significantly different. While our model fits well the (Kπ) I=1/2 P amplitude of the LASS data as shown in Fig. 7 , the E791 isobar model does not so as seen in the elastic region of Figs. 3 and 6 of Ref. [5] .
The FOCUS Collaboration separated the (Kπ) S π + amplitude into I=1/2 and 3/2 components of (Kπ) S in their K-matrix model analysis. As shown in TABLE IV, they found a rather large destructive interference between the I=1/2 and 3/2 components. Our Full and Z models also show comparably large destructive interferences, while the Isobar model has a much smaller destructive interference. One may find this odd to his/her expectation, because our Isobar model is, among the three models of ours, the most similar to the FOCUS's K-matrix model; both of them do not have the rescattering processes explicitly, and both use (Kπ) I=1/2 S and (Kπ) I=3/2 S amplitudes fitted to the same data [6, 9] . Some differences in the other channels might have led to this difference in the interference. The CLEO Collaboration considered the nonresonant (π + π + )
I=2
S K − amplitude in their analysis, and found its fit fraction to be 15.5%. This fit fraction is significantly larger than those in our models. Finally, all the models shown in TABLE IV agree that the (
π + has rather small fit fraction, 0.2 ∼ 0.8%, but still gives a significant contribution to the Dalitz plot distribution through the interference with the other partial waves.
With our coupled-channel analysis, it is interesting to examine bare fit fractions defined as follows. We first calculate a bare [(ab) the D + → Rc vertices of the Isobar model implicitly includes the rescattering effect, and we cannot eliminate the effect to extract the bare vertices.
A remarkable feature in TABLE V is the dominance of the fit fraction of (π
in which ρ(770) plays a major role. This fit fraction did not appear in 
analyses cannot see this effect because they did not explicitly consider three-body dynamics. Actually, the dominance of the (π + π 0 )
I=1 PK 0 fit fraction (∼85%) was also found in a recent analysis of
0 decays share the same hadronic dynamics, except for additional but much smaller doubly Cabibbo suppressed channels in the latter. Therefore, the large bare fit fraction of (π I=1 PK 0 channel. It increases the decay rate by ∼32%, and also significantly changes the shape of the spectra. We found a similar result for I=1 PK 0 channel are turned off. The least χ 2 -value reached with this model, labeled by "Z (without ρ)", is shown in TABLE III. The χ 2 -value is somewhat worse than that of the Isobar model. We note that the Isobar model and the Z(without ρ) model have the same number of adjustable parameters in the fits to the pseudo-data. Thus, the quality of the fit is not improved just by including the rescattering due to the Z-diagrams. Comparing the χ 2 -value with that of the Z model, the inclusion of the (π + π 0 )
I=1 PK 0 channel in the latter reduces χ 2 by ∼35%; significant improvement. It is interesting to examine the fit fractions of the Z (without ρ) model as tabulated in TABLE IV. The fit fractions are more similar to those of the Z model than the Isobar model, implying a large effect of the rescatterings. However, the flat background fraction is much larger in the Z (without ρ) model than that of the Z model, which may be signaling that an important physics (the ρK channel) is missing. However, it is still hard to judge if this coupled-channel analysis has revealed the contribution from the (π
channel. The improved χ 2 may be simply because we have additional adjustable parameters in the fit. By analyzing only the D
0 channel contributes indirectly, we cannot go further. A more definite conclusion can be drawn through a combined analysis of the D
decays with a coupled-channel model. This interesting subject is left as a future work. Now let us study how much the three-meson-force contributes to the D
In Fig. 16 , we compare the K − π + (π + π + ) squared invariant mass spectrum of the Full model with those from the same model but the three-meson-force being turned off. While the effect of the three-meson-force suppresses the decay width by ∼3%, the change in the spectrum shape is more significant, as seen in Fig. 16 . The π + K − spectrum is suppressed by the three-meson-force at high M 2 π + K − , and the π + π + spectrum is suppressed (enhanced) at low (high) M 2 π + π + . We found that the effect of the diagram in Fig. 4(a) connected to I=1 PK 0 channel is the most important among the three-body-type diagrams we consider. In the same figure, we also show the spectrum from the Full model with all the rescattering processes [ Fig. 6(b) ; second term in Eq. (32)] being turned off. Effects of the rescattering mechanisms are quite large; ∼75% reduction of the decay width by turning off the rescattering mechanisms. This may be more than what is expected from the previous result in Fig. 15 that showed the effect of the (π + π 0 )
I=1 PK 0 channel. The coupled-channel effect due to channels other than (π + π 0 )
I=1 PK 0 is also a major one.
In a Dalitz plot analysis with an isobar-type model, it is assumed that M * → Rc (M * : heavy meson, meson resonance, etc.) decay vertex implicitly contains effects of rescattering mechanisms that are simulated by a constant complex phase of the vertex. It is interesting to examine the extent to which this assumption is valid. Figure 17 The constant phase assumed in the isobar-type models is not justified from this viewpoint.
IV. SUMMARY AND FUTURE PROSPECT
In this work, we have performed a coupled-channel analysis of the pseudo-data for the
The pseudo-data are generated from the isobar model of the E791 Collaboration [5] , and are reasonably realistic. As far as we know, this is the first coupled-channel analysis of a realistic Dalitz plot distribution for a D-meson decay into a three-pseudoscalar-meson state. We have demonstrated that it is indeed possible to analyze this kind of high-quality data within a coupled-channel framework, and found lots of interesting results that are beyond what can be obtained with the conventional isobar-type model analyses. Let us summarize below what we have done and found in this work.
In our bottom-up approach, we started with developing a two-pseudoscalar-meson interaction model. With a suitable combination of contact interactions and bare resonanceexcitation mechanisms, our two-pseudoscalar-meson interaction model successfully describes empirical ππ and πK scattering amplitudes of low partial waves that are needed to analyze the D
Poles associated with ππ and πK resonances have been extracted, and most of them are in agreement with the PDG listings. Then using the two-pseudoscalar-meson interactions as building blocks, we developed a three-pseudoscalarmeson interaction model that describes the FSI of the D
The main driving force for the three-pseudoscalar-meson scattering process is the Z-diagrams and the dressed R-propagator that appear as a necessary consequence of the three-body unitarity. These mechanisms do not contain any adjustable parameters once the two-pseudoscalarmeson interactions have been fixed using the ππ and πK scattering data. In addition, we considered mechanisms that are beyond simple iterations of the two-body interactions, and thus may be called a three-meson-force. We introduced the three-meson-force to the most important channel in the FSI of the D + → K − π + π + decay, i.e., the vector-pseudoscalar channels. Guided by the hidden local symmetry model [20] that incorporates vector and pseudoscalar mesons in a chiral Lagrangian, we derived the vector-pseudoscalar interactions that work as a three-meson-force.
In our analysis of the pseudo-data for the D + → K − π + π + Dalitz plot distribution, we basically used three models: Full, Z, and Isobar models. In the models, we took account of all of the channels (partial waves) that had been considered in the previous analyses of the same process. Furthermore, in the Full and Z models, we also considered the (π + π 0 )
I=1 PK
0 channel where ρ(770)K 0 plays a dominant role. This channel can contribute to the D
decay only through the rescattering, and thus this contribution is a purely coupled-channel effect. A distinct feature of our models is that all of the two-pseudoscalar-meson resonances are included as poles of the unitary scattering amplitudes that fit well the empirical ππ and πK amplitudes. The three-body unitarity is also taken care of within the Full and Z models, up to the rather small flat background amplitude. Our models fit the pseudo-data with a reasonable precision. As far as the χ 2 -value is concerned, the Full, Z, and Isobar models are good in this order. Although this may be simply due to the number of adjustable parameters in the fits, it may also be because important mechanisms (e.g., ρK channel, three-meson-force) are considered in the better model. We have seen that the inclusion of the ρK channel (three-meson-force) reduces χ 2 by ∼35% (∼14%). Thus the importance of the ρK channel seems rather clear, while it is hard to say that the analysis conclusively shows a significant role of the three-meson-force in the FSI of D + → K − π + π + . Meanwhile, we were not able to improve the Isobar model just by including the rescattering due to the Z-diagrams [Z(without ρ) model]. Another important point to be noted here is that we achieved the good fits using two-pseudoscalarmeson amplitudes fixed by the empirical ππ and πK amplitudes. This is in sharp contrast with the previous analyses where the p-wave πK amplitude is given by a sum of the BreitWigner functions that does not necessarily reproduce the phase of the empirical amplitude. Also, the previous analyses commonly adjusted parameters associated withK * 0 (1430) in their fits, and obtained widths significantly narrower than those in the PDG listings. It is interesting to observe that our model has two poles associated withK * 0 (1430) due to a coupled-channel effect, and one of them (the other one) has the width close to those from the PDG (previous D + → K − π + π + analyses). We examined the fit fraction of each partial wave. The fit fractions are model-dependent, as have been so in the previous analyses. However, the Full and Z models have relatively similar fit fractions. They have rather large fit fractions from the (
I=3/2 S π + channels that interfere with each other destructively. A large destructive interference between these channels was also found in the FOCUS analysis [8] . The fit fraction from the (π + π + )
I=2
S K − channel is considerably smaller than what was found in the CLEO analysis [11] . The flat background contributions is very small in the Full and Z models. With the coupled-channel framework, we were able to study the bare fit fractions for which all the hadronic rescattering effects are absent. This quantity could be useful to study the intrinsic quark-gluon substructure of the D-meson. Remarkably, the (π
channel, that does not show up in the usual fit fraction, gives a dominant bare fit fraction. This result may appear a bit surprising. However, considering that the
+ decays share the same hadronic dynamics to a large extent, this finding is actually very much consistent with the recent BESIII analysis [12] that found a dominant fit fraction (∼85%) of the (π
We further studied coupled-channel effects. We found that the contribution from the rescattering mechanisms almost quadruplicates the D + → K − π + π + decay width. We also found that the phases of the dressed D + → Rπ + vertices have rather large dependence on the unpaired π + momentum. The phase variation is a consequence of the explicit treatment of the three-body dynamics. In the conventional isobar-type model analyses of heavy or excited meson (M * ) decay into three light mesons, it is assumed that the rescattering effects are small and/or the phases of the M * → Rc vertices can be approximated by constants. Clearly, our analysis indicates that neither of these assumptions are supported from this more microscopic viewpoint, at least for the D + → K − π + π + decay. In future, we will apply our coupled-channel model to a combined analysis of the
The strength of the coupled-channel framework is to describe different processes in a unified manner. Because different aspects of the hadronic dynamics appear in different processes, the combined analysis is a powerful method to understand the hadron dynamics with smaller model-dependence. This is why a combined analysis has become standard in the study of the baryon spectroscopy. For example, πN, γN → πN, ηN, KΛ, KΣ reaction data are analyzed with a coupled-channel model in a unified manner to extract the nucleon resonance properties in Ref. [33] . This direction should also be pursued to better understand the hadronic dynamics in heavy-meson decays and meson resonances. Getting back to the future combined analysis of D channel to the D + → K − π + π + decay, this finding is based on the indirect information. A more definite conclusion should be drawn through the combined analysis. Also, it will be interesting if a three-meson-force plays a crucial role in understanding the D-meson decays in a unified manner. If so, this combined analysis would become a promising method to study the three-meson-force. So far, the D + → K − π + π + decay analyses such as MIPWA have been largely motivated to determine the (π + K − ) S amplitude. Being the three-body hadronic decay, MIPWA is possible only when the three-body FSI can be approximated by a coherent sum of two-body scattering amplitudes. However, our analysis strongly suggests that this approximation is not very likely to be good. A good news from our analysis is that we do not need to change the two-pseudoscalar-meson scattering amplitudes determined by the ππ and πK scattering data in order to fit the D + → K − π + π + decay Dalitz plot distribution. Although there would be still a room for the two-pseudoscalar-meson interaction model to be improved, once they are fixed, we may be able to study the three-meson-force by analyzing D-decays into three pseudoscalar mesons, just like the three-nucleon force has been investigated through analyses of three-nucleon system in the nuclear physics. This possibility will be explored in the future work.
Lagrangians from the HLS model
We use symbols P and V to denote octet pseudoscalar-mesons and nonet vector-mesons, respectively. The pseudoscalar meson fields in the SU(3) matrix form are
where λ a is a Gell-Mann matrix, while the vector meson nonet is given by
where λ 0 = 2 3 ½ (½: unit matrix), and the ideal mixing between the neutral vector mesons is assumed. When P and V are enclosed in the trace symbol, they are fields of the SU (3) matrix form. Otherwise, e.g., they are in brackets, they are understood to be one of particles contained in the SU(3) matrix elements. It is convenient to work with isospin states rather than the charge states used in Eqs. (A1) and (A2). For the relation between the two sets of the basis, we employ a convention where the charge states are the same as their isospin states (|II z ) with some exceptions that need additional phases as follows:
In what follows, |P and |V are understood to be isospin states rather than charge states. Also, we use curly symbols to denote creation or annihilation operators. For example, P is the annihilation operator contained in the field P , and its normalization is 0|P|P = 1.
The mesonic interaction Lagrangians we use are those from the HLS model [20, 34] . The V P P interactions are (with the Bjorken-Drell convention for the metric)
where the trace is taken in the SU(3) space. The coupling g is related to the ρππ coupling by g = g ρππ , and we use g ρππ = 6.0 determined from the ρ → ππ decay width. The Yang-Mills type Lagrangian, from which we use V V V interactions, is
The V V P interactions are given by
where we use the convention, ǫ 0123 = +1. The coupling is C = −3/(4π 2 f π ) with f π being the pion decay constant. In our numerical calculations, we use g 2 C/2 = g ωπρ ∼ 0.012 from an analysis by Durso [35] on the decay ω → πρ → πγ.
z P ′ ) where the variables in the parentheses specify each particle's state such as the fourmomentum (p), polarization (ǫ), isospin (I) and its z-component (I z ). The 0th component of the four-momentum is related to the spatial part by p
where m x is the mass for a particle x. The potential diagrammatically represented in Fig. 4(a) is derived from the Lagrangians in Eqs. (A4) and (A5) following the unitary transformation method [36] , and is given by 
where q = p V − p V ′ = p P ′ − p P , and m Vex and I Vex are the exchanged vector-meson mass and isospin, respectively. The propagator for the exchanged vector-meson is more explicitly written as 1
as specified by the unitary transformation [36] . The effective coupling g V V ′ Vex is given by
with V = 0|V|V , V ′ = V ′ |V|0 and V ex = V ex |V|0 . The effective couplings g V V ′ Vex as well as g VexP P ′ and g V VexP ′ appearing below are independent of isospin z-components. g VexP P ′ is given by
with V ex = 0|V|V ex , P = 0|P|P and P ′ = P ′ |P|0 . Another potential diagrammatically represented by Fig. 4(b) is derived from the Lagrangian in Eq. (A7), and is given by 
where the propagator for the exchanged vector-meson is
The effective coupling g V VexP ′ is given by
with P ′ = P ′ |P|0 , V = 0|V|V and V ex = V ex |V|0 . g V ′ VexP is obtained by simply exchanging labels V → V ′ and P ′ → P in g V VexP ′ . Following Ref. [24] , we multiply the following form factors to the potentials of Eqs. (A8) and (A12):
where Λ x is a cutoff to be determined by fitting data. The suffix x specifies a diagram to which the form factor is multiplied: x = Fig. 4(a1) , Fig. 4(a2) , and Fig. 4(a3) for Fig. 4 (a) with (V P, V ′ P ′ , V ex )= ("K * "π,"K * "π,ρ), ("ρ"K,"K * "π,K * ), and ("ρ"K,"ρ"K,ρ), respectively; x = Fig. 4(b1), Fig. 4(b2) , and Fig. 4(b3) are for Fig. 4 (b) with (V P, V ′ P ′ , V ex )= ("K * "π,"K * "π,K * ), ("ρ"K,"K * "π,ω), and ("ρ"K,"ρ"K,K * ), respectively. Here "V " stands for a bare state of V , as introduced below Eq. (26) . We checked numerical values of the potentials by comparing our calculation with Fig. 8 of Ref. [24] . 
where JP T are the total angular momentum, parity, and total isospin, respectively, and l (l ′ ) is the orbital angular momentum of the relative motion of V P (V ′ P ′ ). Inverting this equation, we obtain II B for the definition) that decays into two pseudoscalar mesons with the orbital angular momentum L and total isospin I. The total spin, parity, total isospin, and hR relative orbital angular momentum are J=0, P =+1, T =3/2, and l=L, respectively for all the parameters, and thus JP T and l labels are suppressed. The second, third, forth, and fifth columns show the parameters for the Full, Z, Z(without ρ), and Isobar models, respectively. The hyphens indicate unused parameters. Fig.4(a1) 1378 ---Λ Fig.4(a2) 1572 ---Λ Fig.4(a3) 1643 ---Λ Fig.4(b1) 1324 ---Λ Fig.4(b2) 1474 ---Λ Fig.4(b3) 1656 ---
